Free abelian topological groups and collapsing maps  by Dranishnikov, Alexander
Topology and its Applications 159 (2012) 2353–2356Contents lists available at SciVerse ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Free abelian topological groups and collapsing maps
Alexander Dranishnikov 1
Department of Mathematics, University of Florida, 358 Little Hall, Gainesville, FL 32611-8105, USA
a r t i c l e i n f o a b s t r a c t
MSC:
primary 54H11, 55R10
secondary 54C55, 55N40
Keywords:
Free abelian topological group
Fibration
Homology
Dold–Thom theorem
We show that for every pair (X, Y ) of ANR compacta, Y ⊂ X , the free abelian topological
group applied to a collapsing map q : X → X/Y produces a locally trivial bundle A(q) :
A(X) →A(X/Y ) with the ﬁber A(Y ). As a result we obtain a short proof of the classical
Dold–Thom theorem which states that H˜n(X) = πn(A(X)) for all complexes X .
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The free abelian topological group was deﬁned ﬁrst by Markov [1,2] in the topological category and then by Graev [3]
in the pointed topological category. We give a constructive deﬁnition of the latter. Let w =∑nixi be a formal ﬁnite linear
combination of points xi ∈ X \ {e} in a pointed space (X, e) with integral coeﬃcients ni ∈ Z. The order of summands in the
combination is not important. We deﬁne the length of w as |w| =∑ |ni |. We regard e as a combination of length 0. Now
we deﬁne the space An(X) of combinations of length  n as the quotient space qn : X˜n → An(X) where X˜ = X+ ∨ X− is the
wedge of two copies of X along the base point and q(x1, . . . , xn) is the sum of ± coordinates (after possible cancelations)
such that xi from X+ are taken with sign + and xi from X− with sign −. The point e plays the role of 0, i.e., if the
complete cancelation happens in q(x1, . . . , xn) then we deﬁne q(x1, . . . , xn) = 0. If xi = e, then xi is dropped from the sum
and q(e, . . . , e) = e = 0. Let in : An(X) → An+1(X) denote the inclusion.
For a compact metric space X with a base point e we deﬁne
A(X) = lim−→
{
An(X), in
}
.
It is an easy exercise that A(X) is an abelian topological group. It is called the free abelian topological group of X in view of
the following.
Proposition 1.1. For every continuous map f : X → G of a pointed compact metric space (X, e) to a topological abelian group G with
f (e) = 0 there is a unique extension to a continuous homomorphism f¯ :A(X) → G.
Proof. Since A(X) is a free abelian group with basis X , there is a unique extension f¯ of f which is a group homomorphism.
We show that f¯ is continuous. By the deﬁnition of the direct limit topology, it suﬃces to show that f¯n : An(X) → G is
continuous where f¯n is the restriction of f¯ to An(X). By the deﬁnition of the quotient topology it suﬃces to show that the
composition f¯n ◦ qn : X˜n → G is continuous. This map is continuous as the composition of f , taking the inverse in G and
the addition in G which are continuous. 
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like direct limits of metrizable compacta.
The Dold–Thom theorem states that the homotopy groups of the topological free abelian group of a complex equal
the reduced homology groups of the complex: πk(A(X)) = H˜k(X). The proof is based on the Eilenberg–Steenrod theorem
characterizing the homology of ﬁnite complexes axiomatically [4]. The most painful part of the proof was checking the
exactness axiom. That happens to be true for all later proofs of the Dold–Thom theorem [6,5]. In this paper we present a
somewhat shorter argument. A simpliﬁcation is mainly due to the usage of the free abelian topological group instead of the
free abelian topological monoid (= inﬁnite symmetric power).
2. Free abelian topological group of ANRs and simplicial complexes
The following proposition was proven by Zarichnyi [7]. We give a sketch of his proof.
Proposition 2.1. For every n and for any ANR compactum X, An(X) is ANR.
Proof. We use induction on n. Clearly, X˜ is ANR. Assume that An−1(X) is an ANR. Let Y = (qn)−1(An−1(X)) and let q′n =
qn|Y : Y → An−1(X). Then An(X) = An−1(X) ∪q′n X˜n . We show that Y ∈ ANR and applying the Borsuk pasting theorem we
conclude that An(X) is an ANR.
Let c : X˜ → X be the sign forgetting map. We deﬁne
B¯ i j =
{
(x1, . . . , xn) ∈ Xn
∣∣ xi = x j}
and Bij = (cn)−1(B¯ i j) ⊂ X˜n . Clearly, Bij is homeomorphic to X˜n−1. Note that
Y =
n⋃
k=1
Ck ∪
⋃
1i< jn
Bij
where Ck = {(x1, . . . , xn) ∈ X˜n | xk = e}. It is easy to check that the sets Ck , Bij and their intersections are ANRs. Therefore,
An(X) is an ANR. 
Theorem 2.2 (Zarichnyi). If X is a metrizable ANR compact thenA(X) is an absolute extensor.
Proof. In view of Proposition 2.1, A(X) is an absolute extensor for compact metric spaces as the direct limit of absolute
neighborhood extensors. 
The rest of this section is not related to the main result. Here we give an alternative proof of another theorem from [4].
Proposition 2.3. For every n and any ﬁnite simplicial complex X, An(X) is a CW complex.
Proof. By induction on n we show that An(X) is a CW complex and qn is a cellular map. We introduce orientation on X
by ordering the vertices. Then the product X˜ × X˜ admits a natural triangulation such that every factor X × e, e × X and the
anti-diagonal
B = {(x, y) ∣∣ x = −y}
are subcomplexes. Moreover, X˜n and Xn admit triangulations such that cn : X˜n → Xn is a simplicial map and Ak and Bij
are subcomplexes. Therefore, Y is a subcomplex of X˜n . To complete the proof it suﬃces to show that q′n : Y → An−1(X) is a
cellular map. It suﬃces to show that the restriction of q′n to Ck and Bij is cellular. The former follows immediately from the
induction assumption since q′n restricted to Ck coincides with qn−1, the latter follows from the fact that q′n restricted to Bij
equals the composition of the projection and qn−2
X˜n−2 × X˜ → X˜n−2 → An−2(X). 
For a not necessarily ﬁnite CW complex X we deﬁne
A(X) = lim−→A(F )
where the direct limit is taken over all ﬁnite subcomplexes. One can check that A(X) satisﬁes the conditions deﬁning the
free abelian topological group on X .
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Theorem 2.4. If X is a simplicial complex thenA(X) is a CW complex.
Proof. Let F ⊂ X be a ﬁnite subcomplex. Then by Proposition 2.1 A(F ) is a CW complex as a direct limit of CW complexes
An(X). Moreover, if F ′ ⊂ F are two ﬁnite subcomplexes, then A(F ′) is a subcomplex of A(F ). Then A(X) is a CW complex
as the direct limit of CW complexes A(F ). 
3. Free abelian topological group of collapsing maps
Note that for any continuous map f : (X, e) → (Y , e′) and for any n ∈ N there is a natural map An( f ) : An(X) → An(Y ).
These maps deﬁne a continuous homomorphism
A( f ) :A(X) →A(Y ).
Theorem 3.1. For every pair (X, Y ) of compact metric ANR-spaces, the inducedmapA(q) :A(X) →A(X/Y ) is a locally trivial bundle
with the ﬁberA(Y ).
Proof. Let pn : En → An(X/Y ) denote the restriction of A(q) over An(X/Y ) ⊂A(X/Y ). Thus, En =A(q)−1(An(X/Y )). We
show that pn is a locally trivial bundle with ﬁber A(Y ). Then A(q) will be a locally trivial bundle as the direct limit of
locally trivial bundles with the same ﬁber.
By Theorem 2.2 A(Y ) is an absolute extensor. Hence there is a neighborhood W ⊂ A(X) and a retraction r : W →
A(Y ). Let ∗ ∈ X/Y denote the base point deﬁned by Y . Let s : An(X/Y ) \ {∗} → An(X) be the section deﬁned by the
homeomorphism q−1 : X/Y \ {∗} → X \ Y . This section deﬁnes a trivialization of pn over An(X/Y ) \ {∗}.
We claim that there is an open neighborhood U of ∗ in An(X/Y ) such that s(U ) ⊂ W . Indeed, if ak → ∗ is a converging
sequence ak ∈ An(X/Y ) \ ∗ with s(ak) ∈A(X) \ W , then in view of compactness of An(X) there is a subsequence aki such
that s(aki ) converges to a¯ ∈ An(X). By continuity pn(a¯) = ∗. Therefore, a¯ ∈A(Y ) which leads to a contradiction. We deﬁne a
map s¯ : U →A(X) by the formula
s¯(a) =
{
s(a) − rs(a), a 
= ∗,
0, a = ∗
and show that it is a continuous section of pn .
Clearly, it suﬃces to check the continuity at ∗. We may assume that the neighborhood W is closed. Then in view of
compactness of An(X)∩W by the property of the direct limit topology there is m such that r(An(X)∩W ) ⊂ Am(X). Assume
the contrary, there is a sequence ak → ∗ such that s¯(ak) does not converge to 0. In view of compactness of An+m(X), there
is a subsequence {ki} such that s¯(aki ) converges to some b 
= 0. Additionally, we may assume that both sequences s(aki ) and
r(s(aki )) are convergent. Therefore, s(aki ) and r(s(aki )) have two different limits. On the other hand, z = lim s(aki ) ∈A(Y ),
since aki → ∗. Therefore,
lim
i→∞
r
(
s(aki )
)= r(z) = z
and we obtain a contradiction.
Note that the map ψ : U ×A(Y ) → p−1n (U ) deﬁned as ψ(a,b) = s¯(a) + b gives a trivialization of pn over U . 
4. The Dold–Thom theorem
Proposition 4.1. Let f , g : (X, e) → (Y , e′) be homotopic maps bymeans of a homotopy respecting the base points. ThenA( f ),A(g) :
A(X) →A(Y ) are homotopic by means of a homotopy preserving the base points.
Proof. A homotopy between f and g deﬁnes a map F : (X × I)/(e × I) → Y . We deﬁne a map H : A(X) × I → A(X × I) by
the formula H(
∑
nixi, t) =∑ni(xi, t) and note that it is continuous. Then the composition F ◦H is a required homotopy. 
Corollary 4.2. For homotopy equivalent CW complexes X and Y the free abelian topological groups A(X) and A(Y ) are homotopy
equivalent.
We recall the Eilenberg–Steenrod axioms for reduced homology:
Homotopy Axiom. Two homotopic maps f , g : X → Y induce the same homomorphisms h∗( f ) = h∗(g).
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ﬁts into the following long exact sequence
· · · → hn(Y ) → hn(Y ) → hn(X/Y ) → hn−1(Y ) → ·· · .
Dimension Axiom. h0(S0) = Z and hn(S0) = 0 for n > 0.
The Eilenberg–Steenrod theorem states that there is a unique homology theory in the category of ﬁnite pointed com-
plexes that satisﬁes the above axioms. This theory coincides with the integral reduced homology H˜∗( ).
Theorem 4.3 (Dold–Thom). For any complex X and any based point e ∈ X
πn
(A(X))= H˜n(X).
Proof. First we consider the case when X is a ﬁnite complex.
We check that the sequence of functors hn = πn(A(X)) satisﬁes the Eilenberg–Steenrod axioms for reduced homol-
ogy. We note that π0 = [S0,A(X)]′ is an abelian group where [X, Y ]′ = [(X, x0), (Y , y0)] denotes the set of the pointed
homotopy classes of maps from X to Y . Then the Dimension Axiom is trivially satisﬁed. The Homotopy Axiom follows
from Proposition 4.1. The Exactness Axiom follows from Theorem 3.1 and the homotopy exact sequence of the ﬁbration
A(q) :A(X) →A(X/Y ). 
Corollary 4.4. For any Moore space M(G,n),
A(M(G,n))= K (G,n).
In particular,A(Sn) = K (Z,n).
Remark. The inclusion M →A(M) induces the Hurewicz homomorphism
h∗ : πn(M) → πn
(A(M))= Hn(M).
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